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A scholiast writing comments on Iamblichus' book on arithmetic made a note 
at the definition of the harmonic mean saying: 
We shall learn the properties of the harmonic mean more fully in the final theorem of the first 
book of Diophantus' presentation f the elements of arithmetic, and the diligent should read 
them there. [Pistelli 1894, 132] 
A recent paper by J. Christianidis [Christianidis 1991] suggested that this scholium 
might be evidence that Diophantus wrote a lost work on the elements of arithmetic 
[1]. Indeed, the comment suggests that we should expect to find 1.39 of the 
Ar i thmet ica  presenting further properties of the harmonic mean. But that problem 
in fact deals with a question about arithmetic progressions, and so it seems that 
the reference must be to some other work. 
The picture changes a bit if we look at 1.39 in more detail. The problem is this: 
Given two numbers, find another number such that when we take the sum of any 
two of the numbers and multiply by the third, we get three numbers in arithmetic 
progression [Heath 1910/1964, 143]. On its face, this has no relation to harmonic 
means, but we see something striking when we solve it. If we let a > c be the two 
given numbers and x the number to be found, the three values to consider are 
x(a  + c),  a (x  + c), and c(x  + a). We want one of these to be the arithmetic mean 
of the other two. Diophantus begins by pointing out that a(x  + c) > c(x  + a), so 
at most three arrangements of the terms are possible. The most natural case, and 
the one that Diophantus examines first, is the one where x(a  + c) is the arithmetic 
mean of the other two. Here the equation to be satisfied becomes 
a(x  + c) - x (a  + c) = x (a  + c) - c (x  + a)  
ac  - cx  = ax  - ac,  
(a - x ) / (x  - c) = a /c .  
Thus in fact the solution to the principal case of this problem is exactly the 
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harmonic mean of the two given numbers. The symmetry of the three numbers in 
the basic problem shows that the other one or two solutions are also harmonic 
mean triples, with x as one of the extremes. 
We can link this to another curious point, which is that the scholiast says 
the properties are " in"  (k~) the final theorem. The scholia as a whole [Pistelli 
1894, 126-132] do not hesitate to give broad references. Among the references 
to Euclid, for instance, the scholium on 52,5 refers to material "in the eighth 
of the Elements,"  and that on 21,22 refers to material " in the initial theorems 
of the eighth book."  Apart from our scholium, the only other explicit reference 
to a single theorem is on 92,25, where the scholium says "in the 47th of the 
first of the Elements of Eucl id." That passage in Iamblichus is on "side and 
diagonal numbers,"  and it is indeed the Pythagorean theorem itself that is 
relevant. Thus the language of our scholium rather suggests that the "final 
theorem" itself is what adds to our knowledge of the harmonic mean. This 
would be strange if the reference were to a list of many properties, because 
the Greek mathematics known to us seldom includes many different asser- 
tions in a single theorem. We might, with Tannery, imagine a (lost) scholium 
on Diophantus discussing means; the connection we have established makes 
1.39 a reasonable place for attaching such material. But, as Christianidis 
said, the scholiast refers to Diophantus himself, not a commentary on Dio- 
phantus. 
The explanation may lie just in the different natures of the two works. For 
Diophantus, the special character of his solution has no significance; it is just 
a computation solving a relatively simple problem, and he does not bother 
mentioning means. But the book of Iamblichus is on a much lower level than 
Diophantus. Though the last fifth of it is devoted to means, it contains relatively 
little of mathematical substance. Now one can restate 1.39 as a theorem on 
means: if b is the harmonic mean of a and c, then b(a + c) is the arithmetic 
mean of a(b + c) and c(a + b). This result is more complicated than anything 
Iamblichus says about the harmonic mean. Thus a scholiast on Iamblichus who 
noted the connection of 1.39 with harmonic means might well consider that it 
was in itself a major addition to the properties of the mean. 
NOTE 
1. I might add a word about another of his arguments. Diophantus cites a few results as occurring 
in the "Por i sms,"  and they are not immediate consequences of the theorems in which they are 
cited. Christianidis points out that Proclus in his Commentary on the First Book o f  Euclid's 
Elements, 303 [Morrow 1970, 237], defines a porism to be what we might call a "corollary of the 
proof,"  and he suggests therefore that Diophantus might have written an earlier book of theorem~ 
from which his porisms were derived. But Proclus also explains (301-302) that the word could be 
used in a different sense: "A lso called 'porisms' are problems whose solution requires discovery, 
not merely construction or simple theory."  The first "por ism" cited by Diophantus (V.3) says (in 
paraphrase) that if you want two numbers x, y for which x + a, y + a, and xy + a are all squares, 
you can get them by setting x = u 2 - a nd y = (u + 1) 2 - a. This fits the description of the 
second meaning, and thus it seems likely that Diophantus there used "por ism" in this other 
sense. 
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